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Linearized Theory for Pulse Tube Cryocooler Performance

Harold Mirels*
The Aerospace Corporation, El Segundo, California 90245

A linearized theory, which assumes small pressure perturbations, is presented for the performance of orifice-
type pulse tube cryocoolers. The effect of gas-to-wall heat transfer within the pulse tube is included. Analytical
expressions are derived for pulse tube flow properties and refrigeration power as functions of parameters K, H;,
and y, which characterize orifice area, pulse tube volume, and pulse tube thermal-layer thickness, respectively.
The orifice area that optimizes refrigeration power is deduced. When operating with the optimum orifice area,
the effect of the first-order (sinusoidal) gas-to-wall heat transfer, within the pulse tube, is to decrease refrigera-
tion power. A basic (zero orifice area) pulse tube cryocooler is found to provide about 10% of the refrigeration
power available from an orifice-type device. It is shown that a two-piston Stirling-cycle cryocooler provides
greater refrigeration power than the corresponding conventional pulse tube cryocooler.

Nomenclature
A = cross-sectional area
a = function of y, Egs. (12¢) and (13a)
B = pressure perturbation parameter, Eq. (4b)
b = function of y, Egs. (12¢) and (13a)
G =Eq. (12i)
H,  =pulse tube volume parameter, Eq. (14c)
K = orifice area parameter, Egs. (12h) and (12j)
Ly  =pulse tube length V. /A
M = mass in compression, expansion, and dead space volumes
P = average power per cycle, Eq. (5)
Py =normalized refrigeration power, Eq. (6)
p = pressure
p,, = mean pressure
Ap  =pressure perturbation
R = gas constant, p/pT
r = characteristic semiwidth of pulse tube, Fig. 3
S = internal surface area of pulse tube
T = temperature
t = time
1% = volume
X = piston displacement, Figs. 2 and 3
o = function of G and y, Eq. (12a)
o = thermal diffusivity, & /(pc,)
B = function of K, G, and y, Eq. (12b)
Y = ratio of specific heats, ¢, /c,
A = characteristic (unbounded geometry) boundary-layer
thickness, +/20./® :
p = density
0, = phase of X, relative to X, Eq. (1b)
¢,  =phase of Aprelative to X, Eq. (16a)
(o] = frequency, rad/s
Subscripts
C,c = compression region
D = dead space
E,e =expansionregion
F = gas spring region
g = exit region of pulse tube, Fig. 3
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Introduction

RYCOOLERS!? are refrigerators that generate temperatures

in the range T < 120 K. Small-scale cryocoolers, with refrig-
eration powers in the order of a watt, are of interest for a variety of
military and civilian applications. They are used for cooling infra-
red detectors in night vision, missile guidance, and satellite sensor
systems. They are also of interest for devices employing high-tem-
perature superconductors.

Refrigerators based on the Stirling cycle have emerged as lead-
ing candidates for these applications. The classical Stirling-cycle
refrigerator has two crankshaft-driven pistons. These operate in the
compression and expansion phases of the cycle, respectively. A
modification of the classical configuration employs an expansion
piston that is free floating. More recently, the free-floating piston
has been replaced by a pulse tube. The analysis of the latter device
is the subject of the present study.

A schematic representation of a pulse tube cryocooler is illus-
trated in Fig. 1. This system is referred to as an “orifice pulse tube
refrigerator (OPTR)” in Ref. 3. The corresponding closed-end con-
figuration (i.e., zero orifice area) is referred to as a “basic pulse
tube refrigerator (BPTR)” in Ref. 3.

The first BPTR apparatus was described by Gifford and
Longsworth®> and Longsworth.® The origin of the refrigeration ef-
fect was attributed to “surface heat pumping’™ wherein heat is
transported from the cold end to the hot end of the pulse tube sur-
face by the periodic motion of the working fluid. The concept of
including an orifice and a reservoir was introduced by Mikulin et
al.”? This modification led to a significant increase in refrigerator
performance. It is this device that is illustrated in Fig. 1. Further
analytic and experimental study has been presented by Storch et
al.3 and Radebaugh and co-workers,!%12 as well as by others.

A mathematical model for estimating OPTR performance is pre-
sented in Ref. 9. This model requires the numerical integration of a
system of partial differential equations. Some numerical results
were included in Ref. 9. A numerical model is also presented in
Ref. 13. On the other hand, Ref. 3 provides analytic expressions
for OPTR performance. However, the analytic model in Ref. 3
does not explicitly relate pulse tube performance to orifice area
and does not consider the effect of heat transfer within the pulse
tube. The theory of Ref. 3 does not apply to BPTR configurations.

The object of the present study is to develop an analytical model
that includes the effect of heat transfer within the pulse tube and
provides explicit expressions for BPTR/OPTR performance in
terms of device geometry and operating temperature. It is assumed
that the pressure, throughout the device, is uniform at each instant.
A linearized theory is developed that is based on the assumption
that piston-induced pressure perturbations are small. A gas spring
hysteresis model, developed in Ref. 14, is used to model energy
dissipation within the pulse tube. The study is a first-order analysis
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Fig.1 Schematic representation of pulse tube cryocooler.

in the sense that parasitic losses! (e.g., thermal conduction, radia-
tion, regenerator inefficiency) are neglected. The results of this
study are expected to help define the important physical processes
in the OPTR and to provide a basis for performance optimization.

Theory
A linearized version of the Stirling-cycle cryocooler analysis,
due to Schmidt, is presented as described by Walker.? This is then
generalized to describe pulse tube cryocooler performance.

Schmidt Theory

The geometry considered by Schmidt is illustrated in Fig. 2.
Three volumes are considered; namely, a net compression volume,
Ve, a net dead space volume, Vj, (which is assumed not to vary
with time and contains a regenerator), and a net expansion volume,
V. Piston motion in the compression and expansion volumes re-
sults in time-dependent variations in V- and Vg, which are denoted
by lower-case subscripts; namely, V, and V,. It is assumed that the
gas temperature in each of these volumes does not vary with time
(i.e., isothermal compression and expansion in volumes V- and V,
respectively). These temperatures are denoted T, Tp, and Tg, re-
spectively, where T}, represents the average temperature in volume
Vp. The pressure is assumed uniform throughout the three vol-
umes, at any instant, and varies with time. The assumption of iso-
thermal processes in volumes V. and Vj imply heat exchangers,
which are indicated in Fig. 1, but have been omitted in Fig. 2. The
assumption of an isothermal process in volume Vj, implies a loss-
less regenerator.

Sinusoidal motion is assumed for each of the two pistons shown
in Fig. 2. The piston displacements and corresponding volume
variations can be expressed as

c t

io)
= COsS Mt = ¢

X‘—l (1
X7 X

Cc

mx}mx

2V, .
=1-== = cos (wr+¢,) = e @+ (1b)
VE

in accord with the definitions in Fig. 2. Use of the real parts of the
complex expressions in Eq. (1) is implied. Let M denote the net

mass of the working fluid in volumes Vi, Vp, and V. Using the
equation of state, p = pRT, the pressure at each instant is

RM V. V,
—_— T — — +
TD

2
p T, @

ﬂ!ﬂ]t\<

The mean value of pressure is given by

V, 14 V
RM _ ¢ DLy £ 3)
b 2T, T, 2T,

Subtraction of Eq. (3) from Eq. (2) yields a linearized expression
for the pressure perturbation Ap = p — p,,, namely

1 Ap ( Ve T i¢e)
— = =1 1+—= e [1+0(B)] 4a)
Be'™ Pn Ve T &) ¢

where B is the pressure perturbation parameter
B = p,V./ (2T .RM) « 1 (4b)

which is assumed to be small. Within the present approximation, B
can be expressed

Ve Ty
= i‘_/;T_C[HO(B)] (4c)

which includes the relation (VT p)/AVpTg) = 0(B), in accord with
Eq. (18a). Thus, B is approximately equal to the ratio of the aver-
age mass in the compression region divided by the mass in the
dead space. The average power expended by the expansion piston
is found from

PE ) 2n/® . 1 .
— = — — = = - *
i, - 2, Ap(=X.) dt = 3R.P. [Ap (-X.)*] &)

where R.P. and ( )* denote real part and complex conjugate, re-
spectively, and Ag is the cross-sectional area. In accord with a
Stirling thermodynamic-cycle analysis, the expansion piston
power P equals the power expended by the gas in volume Vj dur-
ing its isothermal expansion, and thus equals refrigeration power.
Normalized expressions for refrigeration power P and the corre-
sponding compression piston power P are

= S(T/TpPy VpT. |
PE —W— = 2V_C7TESIH¢e (6)
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Fig. 2 Notation for Schmidt model of a classical Stirling-cycle cryo-
cooler.
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The coefficient of performance (COP) of the cryocooler equals the
refrigeration power Pg divided by the net input power. For cases
where the expansion piston drives a crankshaft,

COP = Pe _ _Tp 8
_PC—PE_TC‘TE ()

which corresponds to a Carnot efficiency. For cases where the ex-
pansion piston does no useful work (e.g., free piston cryocooler),
the coefficient of performance is

COP = ©)

"U|"c
oy

a
'~]|m~3

a

The latter expression is applicable to pulse tube cryocoolers.

Pulse Tube Cyrocooler

The pulse tube cryocooler can be considered a variant of a
Stirling-cycle cryocooler wherein the expansion piston is replaced
by a gas spring that contains an orifice. The correspondence is il-
lustrated in Fig. 3. The piston in Fig. 3 is, in fact, a contact surface
between the expansion gas (volume V;) and the gas spring (vol-
ume V). The boundary condition across the contact surface re-
quires that the particle velocity and pressure be continuous. The
displacement and phase of the contact surface is initially unknown
and is evaluated in the present section. We assume

Ve /Vp «1 (10)
which is consistent with Ap/p,, « 1. Thus, V is essentially equal
to the net pulse tube volume and is considered a known quantity
(Fig. 3).

The performance of a gas spring with both gas-to-wall thermal

conduction and orifice flow has been investigated in Ref. 14. From
Ref. 14, the relation between X, and Ap is

X
Dy = (a—iB) (Ap/p,) an
F

where Ly = Viy/Ap. The parameters o and B equal
a=1+Gb (12a)

B=K+Ga (12b)

. _ (sinh 2y —sin 2y) +i(sinh2y + sin 2y) 12
ariv = y (cosh 2y + cos 2y) (12¢)

= [(4/3)y2 42 [1+00%] y«l (12d)
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Fig.3 Notation for pulse tube portion of a pulse tube cryocooler; con-
tact surface is equivalent to expansion piston in Fig. 2.

= E + ﬂ [1+0()] y»l (12¢)
y = r/A (12f)

A= (20/w)'? (12g)

K = ol)?f;;—f;m (12h)
G=[(y-1721(Sr/Vp) (12i)

The quantities @ and b define the net gas-to-wall heat transfer rate
(—AQ) in the pulse tube (i.e., @ + ib ~ (~AQ )/Ap). These are func-
tions of the parameter y = r/A, where r is the pulse tube semiwidth
and A is the thermal boundary-layer thickness corresponding to in-
finite wall separation. To first order, the heat transfer has a sinuso-
idal variation, and there is no net transfer of heat to the wall. The
amplitude of the first-order sinusoidal heat transfer increases mon-
atomically as y decreases from o (isentropic limit) to 0 (isothermal
limit). A second-order solution does provide a net transfer of heat,
from gas to wall, per cycle. The latter is zero in the limits y =0 and
oo and is a maximum at y = O(1) (Ref. 14). The parameter K is pro-
portional to the volume change due to orifice flow divided by the
volume change due to the gas spring piston displacement. Hence,
K is a measure of the relative importance of the orifice flow. For
Poiseuille flow through the orifice

K =7 p, RY(SULOVF) (12))

where [, R, and L are viscosity, orifice radius, and orifice length,
respectively.

The coefficient Sr/Vy in Eq. (12i) defines the pulse tube sur-
face-to-volume ratio. Equations (12c—12e) have been derived!* for
a pulse tube bounded by two parallel walls (Sr/Vp = 1). Corre-
sponding expressions for a cylindrical pulse tube (Sr/Vy = 2) are!*

220 T, (yN=210)

ib = a4 13
a+i 1,04 (13a)
2
:():1—+i)[1+®(y4)] y«l (13b)
=(§+£)[1+®(e~2y)] y»1 (13¢)

where J, denotes the Bessel function of order n. Equations (12c¢)
and (13a) agree in the limit y » 1. In this limit, Eq. (12c) is applica-
ble for arbitrary geometry, provided the appropriate value of Sr/Vy
is used.

Equations (1b) and (4a) are substituted into Eq. (11). Equating
real and imaginary parts yields

2 24172
TeVy _ [(@H)*+ (BH))’] i
TeVe [ +oH)?+ BH) ™

sin ¢, = BH,/ [ (aH)? + (BH )21 }

(14b)
R/2<¢,<T
where
Vv T,V
H1=1_Fﬁ=g£_c_£ (14¢)
YT, RM Y Tg Ve
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is a measure of pulse tube volume. Equations (14a) and (14b) de-
fine, respectively, the amplitude and the phase of the contact sur-
face motion. The phase angle ¢,, is in the second quadrant. The
ratio Vg/V is found from Eq. (14a) using

YH, Vy _ VpTc

T Ve 15
2BV,  V.T, (15)

The pressure perturbation is uniform throughout the device and
equais

LAp _ ety (16a)
Bp, (1+aH)2+ (BH)?
where
an ¢, = Do (16b)
7 1+aH,

The average power expended by the contact surface is denoted Py
and can be obtained from Eqgs. (6), (14a), and (14b). The result, in
normalized form, is

5. 8T/ P 2BH,

= 17
E O)BpmVC (1 +(XH1)2+ (BHl)z ( )

which defines refrigeration power. Equations (14-17) express
cryocooler performance in terms of the two variables aH; and
BH,. The variation of Pr, (TcVe)/(TEV(), and sin ¢, with BH,, for
fixed values of o}, is given in Figs. 4a—4c, respectively. These
results are discussed later. Upper bounds on expansion volume and
refrigeration power are

TV,

£ _Z<

T, V. <1 (18a)
Pr <1 (18b)

Equations (10) and (15) indicate the requirement
(19)

for model consistency.
Optimization
The optimization of refrigeration power is now considered. The
variation of P; with BH,, for fixed o, has a local maximum
(Fig. 4). The maximum occurs at [from Eq. (17)]

BH, =1+ aH, (20a)

and has the value
Pz = 1/(1 + oH)) (20b)

Other quantities of interest at this maximum are

T .V, 1 ( oH, )2 n
ey~ gl () | a1
sing, = [1+ (1+20H,)2]2 (21b)
1 A 12 -
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Fig. 4 Variation of pulse tube performance with $H, for oH; = 0.0,
1.0, and 10.0: a) Pz, b) (T/T;)(V/V), and c) sin ¢,.

Equation (20b) indicates that Pz — 1 as o — 0. The present lin-
earized model, however, requires H, » 22B/y [Eqs. (19) and
(21a)]. The increase in P with decrease in o is due to the in-
verse relation between Ap and oH| [Eq. (21c)] and is expected to
be observed in a nonlinear model. In a practical device, the limita-
tion on how small H; can be made is probably associated with the
requirement that the cold gas in the expansion region not commu-
nicate with the high-temperature heat exhanger near the orifice.



1666 MIRELS: PULSE TUBE CRYOCOOLER PERFORMANCE

1.0
y=1000 1.0
08—
0.6 +—
0.0
i a
04—
0.2 [—
0 | ! ] | l |
20 -15 -0 -05 0 0.5 1.0 15 20 20 -5 -0 -05 0 05 1.0 15 20
LOGK
a) a) LOGK
1.0
0.8 —
0.6 =
w0 42
o o
04 — 04 |—
- -
02— /— 0.1 02 |— y=00 x
e 0.1 = 10 1000
0 T ! t i [ ‘ 0 | | | l i | [
=20 -5 -0 05 0 05 10 15 20 20 -5 -10 05 0 05 10 15 20
LOGK LOGK
b) b)
1.0
X, y=100.0 ——\
@ (o]
< &
= =
[75] w
l [ |
20 -15 -0 05 0 05 10 15 20 =20 -5 -0 -05 0 05 1.0 15 20
LOGK LOGK
c) )
Fig. 5 Variation of pulse tube performance with K for cases G = 1/3, Fig. 6 Variation of pulse tube performance with X for cases G = 1/3,
y = 1.0, and Hy = 0.01, 0.1, 1.0, and 10.0: a) P, b) (To/Tg)(Vg/Ve), and H;=0.1,and y = 0.0, 0.1, 1.0, 10.0, and 100.0: a) Pz, b) (T¢/Tx }(Ve/V¢),

¢) sin 0,. and ¢) sin ¢,.



MIRELS: PULSE TUBE CRYOCOOLER PERFORMANCE 1667

08 - e K=10.0

0.6

04 -

02 :_____ﬁ/\___

0
20 -5 -0 05 0 05 10 15 20
LOGy
a)
10
\m
08 [
| /_ K=10.0
06 [—
¥
o
04
10
02 e
i 00, 0.1N
0 | | l | | [
20 -15 -0 05 0 05 10 15 20
LOGy
b)
10
- Xe
0.8 |- \<: de
Xe
i /——K=1o.o
06
& 1.0
st
w
04
3 0.1
02 |
- o 0.0
0 | |M
20 -15 -10 05 0 05 10 15 20
LOGy
)

Fig. 7 Variation of pulse tube performance with y for cases G = 1/3,
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For a given value of H, and y, the optimum value of the orifice
flow parameter X is, from Eq. (20a),

K=[(1 +0H,)/H,] - Ga (22)
It is seen that K — « as H) — 0, which puts a further limit on how

small H; can be made. For y — 0, the optimum values of K and Pz
are .

Ky = (1+YH)/H, (23a)
Peo = 1/(1+YH) (23b)

and fory — oo
K.= (1+H)/H, (24a)
Ps,. = 1/(1+H) (24b)

Also,

KK, = (1+YH)/(1+H)) 21 (25a)
PeoPe.= (14H)/(1+yH,) 21 (25b)

Equations (25) indicate that Ky/K., 2 1 and Pg o /Pg, ., < 1. Thus,
the effect of the first-order periodic gas-to-wall heat transfer is to
increase the optimum K and to decrease the maximum value of
Pg. The effect is small when H, is small and increases as H, in-
creases. The decrease in refrigeration power with increase in heat
transfer has been observed experimentally.!!

The value of H), which yields maximum power, for the case of
fixed o and B (i.e., fixed K and y) is

H, = (o*+pH"? (26a)
and the corresponding power is
Py = — B (26b)

o+ (a2 +pH"”?

Equations (26) are useful for optimizing the performance of a
basic (K = 0) pulse tube, as will be discussed.

Numerical Results and Discussion

Numerical results have been obtained for the variation of pulse
tube cryocooler performance with X, y, and H,. These results are
presented in Figs. 5-8. The value G = 1/3 (i.e., Y= 5/3, Sr/Vy =
1.0) is assumed.  _

The variation of Pz with K fory =1 and 0.01 < H, £ 10.0 is
given in Fig. 5a. As previously noted, these curves indicate that for
a fixed pulse tube geometry (i.e., fixed H,) and fixed y, there is an
optimum value of orifice area for obtaining maximum refrigera-
tion power. This result is in accord with the experiment. The val-
ues of Py and K, at the maximum point, are given by Egs. (20b)
and (22). Corresponding values of the expansion volume and the
expansion phase are given in Figs. 5b and Sc, respectively.

The variation of Py with K, for H; = 0.1 and 0.0 <y £ 100.0, is
indicated in Fig. 6a. A relatively small value of H; was chosen so
that the maximum value of Pg is near 1.0. At the maximum power
point, X = 10, the refrigeration power decreases by about 6% as y
decreases from 100 (near isentropic flow) to 0 (isothermal flow).
This result is in accord with Eq. (25b). The variation of expansion-
volume parameters is given in Figs. 6b and 6¢. Due to the small
value of H,, the parameters in Fig. 6 are relatively insensitive to y
for K 2 0(1). For smaller values of K, energy dissipation within the
orifice plays a lesser role, and cryocooler performance becomes
dependent on the net second-order heat transfer from gas to wall.
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In the limit K— 0, there is an optimum value of y (which maxi-
mizes the net heat transfer), as will be seen from Fig. 8.

Figures 7a—7c provide the variation of pulse tube parameters
with y for H; = 0.1 and 0.0 £ K < 0. The insensitivity of the param-
eters to y, for K = 0(1), is again noted and is a consequence of
Hl = 0. 1 .

Figures 8a—8d provide results for a basic pulse tube (K = 0). The
variation of Py with y, for 0.01 < H; < 10.0 is given in Fig. 8a. The
power is a maximum; Pr = 0.101, for H, = 0.736, and y = 1.253
[see Eq. (26)]. For other values of y, the optimum value of H; and
the corresponding value of Pp is given by Fig. 8d and Eq. (26).
The optimum power P decreases rapidly with departure of y from
y = 1.253. The latter is the value of y for which the net (second-or-
der) heat transfer from gas to wall is a maximum. The preceding
results apply for y = 5/3. When vy = 7/5, the power is a maximum,;
Py =0.068, for H; = 0.819 and y = 1.210. Thus, for y=5/3 and y=
7/5, the basic pulse tube provides about 10% and 7%, respectively,
of the refrigeration power available from an orifice-type pulse
tube.

Concluding Remarks
A linearized theory has been presented for orifice-type pulse
tube cryocooler performance. Small pressure perturbations have
been assumed. The effect of gas-to-wall heat transfer, within the
pulse tube, has been included. Closed-form expressions have been

found for normalized refrigeration power Pg, as well as other flow
properties, as a function of the two variables oH; and BH,. These
variables depend, in turn, on K, y, and H,.

The pulse tube portion of the cryocooler has been represented
by a gas spring with an orifice. Refrigeration power Py equals the
power expended by the contact surface that separates the expan-
sion region from the gas spring. The contact surface plays the role
of the expansion piston in a conventional Stirling cryocooler. The
power expended by the contact surface (refrigeration power)
equals the power dissipated within the orifice plus the net heat
transfer from the gas to the wall within the pulse tube. For a given
configuration, there is an orifice area that maximizes refrigeration
power. When operating with an optimum orifice area, the effect of
the first-order periodic heat transfer to the wall, as characterized by
y, is detrimental to refrigeration power. The latter result is in ac-
cord with experiment!! and suggests that surface heat pumping in-
voked by previous authors™! is not a major contributor to orifice-
type pulse tube refrigeration power. However, the effect of con-
vection on the heat transfer within a pulse tube has not been con-
sidered in the present study. Inclusion of convection effects may
indicate a more significant role for the effect of heat transfer on or-
ifice pulse tube refrigeration power.

The configuration in Fig. 1 may be termed a conventional pulse
tube cryocooler. The normalization of Pz is such that conven-
tional pulse tube cryocooler power is limited to values in the range
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Pg < 1. In the absence of an orifice, Pg is limited to values in the
range Pz <0.1. Hence, the presence of an orifice greatly increases
refrigeration power. The value of Pg for a conventional two-pis-
ton Stirling-cycle cryocooler is [from Eq. (6)]

- VT
(Fe)sc = 2 3£ 7€) sino, an

Here, ¢, and (Vi /V )T c/Tg) are design variables. By choosing ¢,
=n/2 and (Vg/Vo)Tc/Tg) = N > 1, the Stirling-cycle cryocooler
provides 2N times the refrigeration obtained from a corresponding
pulse tube cryocooler. Hence, the two-piston Stirling-cycle cryo-
cooler provides more refrigeration than the corresponding pulse
tube cryocooler. The coefficient of performance equals T¢/(T¢ —
Tr) and Tg/T, respectively, for these devices. The use of a stepped
piston and a bypass permits pulse cryocoolers to achieve Pg >1,
but at the expense of thermal effiiciency.!6!7
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